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Abstract. We study bounded operators T on the weighted space L^(K + ) commuting 
either with the right translations St, t £ R + , or left translations P + S-t, t g R + , and 
we establish the existence of a symbol \x of T. We characterize completely the spectrum 
a (St) of the operator St proving that 

a(S t ) = {z € C : \z\<e ta °}, 

where ag is the growth bound of (St)t>o- We obtain a similar result for the spectrum 
of (P + S-t), t > 0. Moreover, for a bounded operator T commuting with St, t > 0, we 
establish the inclusion fi(0) C cr(T), where O = {z e C : Imz < ao}. 
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1. Introduction 

Let w be a weight on R + . It means that u is a positive, continuous function such that 

. u(x + t) u(x + t) w 

< inf < sup . . < +oo, Vt G M + . 

x>0 C0(x) x >0 CO(x) 

Let L^(M + ) be the set of measurable functions on R + such that 

POO 

/ \f(x)\ 2 u(x) 2 dx < +oo. 

The space if = L 2 J (R + ) equipped with the scalar product 

<f,9>= I f{x)g(x)u(xfdx, f E Ll(R + ), g e Ll(R + ) 

and the related norm ||.|| is a Hilbert space. Let C£°(M.) (resp. C^°(1R + )) be the space 
of C°° functions on K. (resp. 1R + ) with compact support in R (resp. Notice that 
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C<o°(IR + ) j g d en g e j n L^(R + ). For t £ R + , define the (right) shift operator St on H by 

(Stf)(x) : 



/(x — t), a.e. if x — t > 0, 
0, if x -t <0. 



For simplicity Si will be denoted by S. Let P + be the projection from L 2 (R ) ©L 2 (R + ) 
into L£(R + ). For t > define the (left) shift operator (P+S- t )f(x) = P+f(x+t) a.e. 
x £ R + . Let I be the identity operator on L 2 (R + ). 

Definition 1. An operator T on Ll(R + ) is called a Wiener-Hopf operator if T is bounded 
and 

P + S- t TS t f = Tf, Vt £ M + , / £ Ll(R + ). 

Every Wiener-Hopf operator T has a representation by a convolution (see [5]). More 
precisely, there exists a distribution /x such that 

Tf = P + (fi*f), V/£CT(M + ). 

If £ C 6 °°(IR) then the operator 

L2(R+)9/^P+(0*/) 

is a Wiener-Hopf operator and we will denote it by T^. 

A bounded operator T commuting either with St, Vt > or with P + S- t , Wt > 
is a Wiener-Hopf operator. On the other hand, every operator aP + S^t + PSt with 
t > 0, a, (3 £ C is a Wiener-Hopf operator. It is clear that the set of Wiener-Hopf 
operators is not a sub-algebra of the algebra of the bounded operators on L^(R + ). 

Notice also that 

(P + S_ t S t )f = f, V/ £ Ll(R+), t > 0, 

but it is obvious that (S t P + S^ t )f 7^ /, for all / £ L^(IR + ) with a support not included 
in ]t, +oo[. The fact that S is not invertible leads to many difficulties in contrast to the 
case when we deal with the space L^(R). The later space has been considered in [7j and 
[8] and the author has studied the operators commuting with the translations on L^(R) 
characterizing their spectrum. The group of translations on £^(R) is commutative and 
the investigation of its spectrum is easier. In this work, first we apply some ideas used in 
[7] and [8] to study Wiener-Hopf operators on L^,(R + ). For this purpose it is necessary to 
treat two semigroups of not invertible operators instead of a group of invertible operators. 
More precisely, we must deal with the semigroups (S t )tm+ an d (P + S- t )tm+ on -^(^ + )- 

Consider the semigroup (S t )t>o on L^,(R + ) and let A be its generator. We have the 
estimate 

II ^ || < Ce mt , Vt £ R + . 

and a similar estimate holds for the semigroup (P + S- t )t>o- This follows from the fact 
that the weight co is equivalent to the special weight cJ constructed in [5] following pQ. 
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Denote by p(B) (resp. cr(B)) the spectral radius (resp. the spectrum) of an operator 

B. Introduce the ground orders of the semigroups (S t )t>o and (P + S^ t )t>o by 

1 1 
ao = lim - In \\S t \\, «i = lim - In ||P + 5'_t||. 

t— >oo t t— >oo t 

Then it is well known (see for example [2]) that we have 

p(S t ) = e a °\ p(P + S_ t ) = e Qlt . 
Let I by the interval [— ai, cto] and define 

Q := jz G C : e~ ai < \z\ < e Q °}. 

Notice that «i + «o > 0. Indeed, for every neNwe have P + S- n S n = I and 
1 < lim sup ||(P + S_i)l 1/n limsup ||S n || 1/n = e ai e a ° 

n—too n— >oo 

which yields the result. For a function / and a G C we denote by (/)„ the function 

(/)« : x — ► /(i)e M . 

Denote by J 7 / = / the usual Fourier transformation on L 2 (R). If a function / G 
L 2 (IR + ), then we define / extending / as on M _ . Our first result is the following 

Theorem 1. Let a G X = [— ai, «o] and let T be a Wiener-Hopf operator. Then for 
every f G X 2 J (R + ) such that (f) a G L 2 (lR + ) ; we have 



(Tf) a = P + T-\h a (f)a) (1.1) 

with h a G L°°(M) and 

1 1 h a 1 1 oo < C||T||, 

where C is a constant independent of a. Moreover, if ct\ +ao > 0, the function h defined 

o 

on U = {z G C : Im z G [— oti, «o]} ^(^) = ^imz(R-e2;) is holomorphic on U . 

Definition 2. The function h defined in Theorem 1 is called the symbol ofT. 

A weaker result that Theorem 1 has been proved in [S] where the representation (11.11) 
has been obtained only for functions / G C^°(IR + ) which is too restrictive for the ap- 
plications to the spectral problems studied in Section 3 and Section 4. On the other 
hand, in the proof in [5] there is a gap in the approximation argument. Guided by the 
approach in [8] , in this work we prove a stronger version of the result of [5] applying other 
techniques based essentially on the spectral theory of semigroups. On the other hand, in 
many interesting cases as u(x) = e x , u(x) = e~ x , we have a + ai = and the result of 
Theorem 1 is not satisfying since the symbol of T is defined only on the line Imz = «o- 
To obtain more complete results we introduce the following class of operators. 

Definition 3. Denote by Ai the set of bounded operators on L 2 (R + ) commuting either 
with S t , Vt > or P + S^ t , Vt > 0. 
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For operators in Ai we obtain a stronger version of Theorem 1. 

Theorem 2. Let T be a bounded operator commuting with (S t )t>o (resp. (P + S- t )t>o)- 
Let a e J =]0,a ] (resp. K —]0,a%\). Then for every f G such that (f) a G 

L 2 (R + ), we have 

(Tf) a = P + F-\h a (f) a ) 

with h a G L°°(R) and 

||^a||oo < II) 

where C is a constant independent of a. Moreover, the function h defined on 
O = {z G C : Imz < a } (resp. V = {z G C : Imz > —a{\ ) 
by h(z) = hi mz (Kez) is holomorphic on O (resp. V). 

Our main spectral result is the following 

Theorem 3. We have 

(i) a(S t ) = {zeC, \z\ < e aot }, Vt > 0. (1.2) 

(u) a(P + S_ t ) = {zeC, \z\ < e ait }, Vt > 0. (1.3) 

Let T G M. and let /i^ be the symbol ofT. 
Hi) IfT commutes with St, Vt > ; then we have 

MOjca(T). (1.4) 

iv) IfT commutes with P + S-t, Vt > 0, then we have 

MVTca(T). (1.5) 

It is important to note that for T G M. and A G C, if the resolvent (T — A/) -1 exists, 
than this operator is also in Ai. In general, this property is not valid for all Wiener- 
Hopf operators. The above result cannot be obtained from a spectral calculus which is 
unknown and quite difficult to construct for the operators in Ai. On the other hand, 
our analysis shows the importance of the existence of symbols and this was our main 
motivation to establish Theorem 1 and Theorem 2. 

The spectrum of the weighted right and left shifts on Z 2 (IR + ) denoted respectively by 
R and L has been studied in [9]. It particular, it was shown that 

a{R) = a(L) = {z e C, \z\ < p(R)}. (1.6) 

In this special case the operators R and L are adjoint, while this property in general is 
not true for S and P + S_i. 

The equalities (11. 2p . (I1.3P are the analogue in L^(IR + ) of (11.61) however our proof 
is quite different from that in [9] and we use essentially Theorem 2. Moreover, these 
results agree with the spectrum of composition operators studied in [10] and the circular 
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symmetry about 0. In the standard case u — 1 the spectral results (II. 2p . (I1.3P are well 
known (see, for example Chapter V, [2]). Their proof in this special case is based on the 
fact that the spectrum of the generator A of (St)t>o is m {z 6 C, Rez < 0} and the 
spectral mapping theorem for semigroups yields cr(S t ) = {z G C, \z\ < 1}. Notice also 
that in this case we have 

s(A) = sup{ReA : A G &{A)} = a = 0, 

so the spectral bound s(A) of A is equal to the ground order and there is no spectral 
gap. In the general setting we deal with it is quite difficult to describe the spectrum of 
A. Consequently, we cannot obtain (jl.2p from the spectrum of A and our techniques 
are not based on c(A). Moreover, if for the semigroup St on L^,(R + ) we can apply the 
spectral mapping theorem, since S t preserves positive functions (see [TTJ, [12]), in general 
this is not true for other Hilbert spaces of functions and we could have a spectral gap 
s(A) < a - This shows the importance of our approach which works also for more 
general Hilbert spaces H of functions (see the conditions on H listed below). To our best 
knowledge it seems that Theorem 3 is the first result in the literature giving a complete 
characterization of cr(St) and a(P + S-t) on the spaces L^,(R + ). On the other hand, for 
the weighted two-sided shift S in L^(R) a similar result has been established in [8] saying 
that 

^(S) = {^C: _J_ < |^| < p( S )}. 

Following the arguments in [7], the results of this paper may be extended to a larger 
setup. Indeed, instead of L^,(R + ) we may consider a Hilbert space of functions on R + 
satisfying the following conditions: 

(HI) C C (R+) C H C Ll oc (R + ), with continuous inclusions, and C C (R + ) is dense in H. 

(H2) For every iGl, P + S X (H) C H and sup^g^ || P+S^H < +oo, for every compact 
set K C R. 

(H3) For every a G R, let T a be the operator defined by 

T a :H3 f — ► (WL3X^ /(x)e^). 
We have T a (H) C H and moreover, sup agR ||T a || < +oo. 

(H4) There exists C l > and a 1 > such that ||5 X .|| < de a ^ x \ \/x G R + . 

(H5) There exists C 2 > and a 2 > such that \\P + S- X \\ < C 2 e a ^ x \ Vx G R + . 

Taking into account (H3), without lost of generalities we may consider that in H we 
have ||/e* a || = ||/||. For the simplicity of the exposition we deal with the case H = L^,(R + ) 
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and the reader may consult [7J for the changes necessary to cover the more general setup. 



2. Proof of Theorem 1 

By using the arguments based on the spectral results for semigroups (see [3], [I]) we 
will prove the following 

Lemma 1. Let A be such that e A G cr(S) and Re A = «o- Then there exists a sequence 
(^fc)fceN of integers and a sequence (f mk )keN of functions of H such that 

lim || (e tA - e^ +2mn ^)f mk \\ = 0, W G R + , ||/ m J = 1, Wk e N. (2.1) 

fc— »oo V / 

Proof. We have to deal with two cases: (i) A G o~(A), (ii) A ^ o~(A). In the case (i) 
A is in the approximative point spectrum of A. This follows from the fact that for any 
\i G C with Re/i > a we have /i ^ cr(A), since s(A) < a . 

Let /i m be a sequence such that /i m — >■ A, Re/i m > A. Then ||(/i m i — ^4) _1 || > 
(dist (/i m , spec(A))) -1 , hence \\(fi m I — ^4) _1 || —> oo. Applying the uniform boundedness 
principle and passing to a subsequence /j, mk , we may find / G H such that 

lim \\{ J i mh I-A)- 1 f\\=<x>. 
Introduce f mk G D(A) defined by 

(fi m J-A)- l f 



fn 



lmk \\{n m J ~ A)^f\[ 
The identity 

(A - A)f mk = (A - n mk )f mk + (/i mfc - -4)/m fe 
implies that (A — A)f mk — > as k — > oo. Then the equality 

(e M - e iA )/ mfc = ( jf e*{*-')e^ci a ) (A - A)/ Wfc 
yields ( 12. ip . where we take n fc = 0. 

To deal with the case (ii), we repeat the argument in [7J and for the sake of com- 
pleteness we present the details. We have e A G cr(e A ) \ e°~( A ' > . Applying the results for the 
spectrum of a semigroup in Hilbert space (see j3], [1]), we conclude that there exists a 
sequence of integers (n*) such that |rifc| — > oo and 

|| (A - (A + 27rm fc )/)- 1 || > jfe, Vk G N. 

We choose a sequence (g mfc ) G i^, \\g mk \\ = 1 so that 

|| (A - (A + (27rm fe )/)-^ mfc || > k/2, WkeN 

and define 

(A - (A + 2mn k )I)- l g mk 



f, 



rn k 



\\(A-(\ + 2irin k )I)-ig mk \\ 
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Next we have 



o tA _ p (A+27rm fc )t\ 



)f mh = ( f e {x+2mnk){t - s) e sA ds)(A - (2mn k + \)I)f mk 



and we deduce (12. ID . □ 

Lemma 2. Lei A be such that e x G o~(S) and Re A = «o- Then, there exists a sequence 
(^fe)fceN of integers and a sequence (fm k )keH of functions of H such that for all t G K, 



lim 

k— ¥00 



(p + S t - e (A+2 ™ fc)t )/ mfc || = 0, ||/ ra J = 1, V* G N. 



(2.2) 



Proof. Clearly, for t > we get (12. 2p by (12. ip . Moreover, we have 

\\(P+S- t - e-( x+2mn ^)f mk \\ = \\(P + S„ t - e-^ m ^P + S^ t S t )f, 



m k | 



< \\P + S- t \\\e- {x+2 * ink)t \ (e {x+2 ™ nk)t - S^jf mk 



Thus 



lim \\{P + S- t - e-( A+2 ™^)/ m J = 0. 

k— >oo 



and this completes the proof of (I2.2p . □ 

Lemma 3. For all 4> G C£°(R) and A such that e x G o~(S) with Re A = cto we /iai>e 

|0(iA + a)| < ||TJ, Va G E. (2.3) 

Proof. Let A G C be such that e x G c(S) with Re A = «o and let (f mk ) k m be the 
sequence satisfying (12. 2p . Fix G C£°(R) and consider 

i#(<a+o)| = i f my {x - ia)t f mk jm k )dt\ 

< 



(<t>(t) (V A+i2 ™^ - P + S^e- t{ - a+2 ™^f mk J mk )dt 
(^t)P + S t e-^ a+2 ™^f mk , f mk )dt 



+ 

The first term on the right side of the last inequality goes to as k — > oo since by 
Lemma 1, for every fixed t we have 



lim || e -*(»+ 2 ™*)* Li^n k i)t _ p+s \ ^ 



m k 



0. 



On the other hand, 



< <P(t)P + S t e~ l{a+2 ™ k)t fm k J mk > dt 
( / <P{t)e^ +2 ^P + f mk {.~t)dt]j mk {^ 
(P+ f 0(.-l/)e^ +2 ^)V mfc (l/)^,e 4{a+2 ™ fe) 7 mfc (-)) 
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= ((T (e i ( a+2 ^)'/ m j),e i(a+2 ™ fc) 7 mfc (-)) 
and \Ik\ < \\T^\\. Consequently, we deduce that 

\i(iX + a)\ < \\T4.n 

Notice that the property (12.31) implies that 

|0(A)| < ||TJ, VA G C, provided ImA = a . 

Lemma 4. Let <p G C£°(R) and let A be such that e~~ x G a((P + S^ 1 )*) with Re\ = -a 1 . 
Then we have 

m\ + a)\ < 11(^)11, Va G R. (2.4) 

Proof. Consider the semigroup (P + S- t )t>o an< ^ ^ B De its generator. We identify 
H and its dual space H' . So the semigroup (P + S- t )*, t > is acting on H. Let A G C be 
such that e" x G a((P + S^)*) and |e _x | = p(P + S^) = p((P+S_i)*) = e Ql . Then, by the 
same argument as in Lemma 1, we prove that there exists a sequence (rikjkeN of integers 
and a sequence (fm k )keN of functions of H such that for all t G R + , 

lim ||( e **- e (-*+* 2 ™*)')/ m J = 

and ||/mj| = 1- Thus we deduce 

lim \\{P + 3. t )*f mk - e-^- i2 ^f mk \\ = 0, t > 0. 

fc— »+oo 

Since for t > we have P + S_ t S t = I, we get (S t )*(P + S_ t )* = I. Then, for t > we get 

IK^Vm.-e^-^VmJI 

= ll(^)7m fc -e( s - i2 ™*)*(5 t )*(P + S_ t )V, 

= lite)' 

This implies that 



m k I 

< ||(^)*|||e( X - i2 ^)*|||(e-( X -^)'/ mfc - (P + S- t )*f mk 



lim \\((P + S t y - e^- i2m ^)f mk \\ = 0, Vt G R. (2.5) 

fc— >+oo 



We write 



0(*A + a)= / <0(t)e-^ +2 ^)V mfc ,e A *- 2 ™ fc '/ mfc > dt 

= f < <j>{ty~ i{a+2 ™ k)t fm k , (f- i2 ™^ - (p+s t y)f mk > dt 

+ / < <j>(t)e-^ +2 ^ t (P + S t )f mk J mk >dt = J' k + 4 

From (I2.5P we deduce that J' k — > as k — > oo. For I£ we apply the same argument as in 
the proof of Lemma 3 and we get 

< \\T4. □ 
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Lemma 5. For every function <p £ C£°(R) and for z G U = {z G C, Imz G [— ai,ao]} 
we have 

itoi < iw 

Proof. We will use the Phragmen-Lindelof theorem and we start by proving the 
estimations on the bounding lines. There exists a = e~ lz G o~(S) such that |a| = e lmz = 
e a °. Following (12.3j) . we obtain 

itoi < \\T<f,\l 

for every z such that Imz = cxq. Next notice that p(P + S-i) = p((P + S-i)*\. So there 
exists = e~ iz = e~H^ G a((P + S-i)*) such that = e ai and 

— Imz — In \/3\ — oti. 
Then taking into account (12.41) . we get 

for every 2; such that I1112 = — a\. In the case «i + a = the result is obvious. So 
assume that ao + a± > 0. Since G C£°(R) we have 

|<fe)| < CIHUe^ 1 < KUIU Wz G U, 

where C > 0, k > and > are constants. An application of the Phragmen-Lindelof 
theorem for the holomorphic function 4>{z), yields 

< ll^ll 

for a G {z G C : Imz G [— «i, «o]}- D 

Combining the results in Lemma 3-5, we get 
Lemma 6. For every <f> G C£°(R) and for every a G [— a±, qjq] we /love 

1 5^) I < ||TJ, Vx el. 

Proof of Theorem 1. The proof follows the approach in [5]. Let T be a Wiener- 
Hopf operator. Then there exists a sequence (0 n )neN C C£°(R) such that T is the limit 
of (X^ n ) ne N with respect to the strong operator topology and we have ||T^, n || < C||T||, 
where C is a constant independent of n (see [5]). Let a G [— «i, «o]- According to Lemma 
6, we have 

\(fn)a(x)\ < II^JI < C\\T\\, Vx G R, Vn G N (2.6) 

and we replace ((0 n )a)neN by a suitable subsequence also denoted by ((0 n )a)neN converg- 
ing with respect to the weak topology cr(L°°(R), L 1 (R)) to a function h a G L°°(R) such 
that 1 1 /io. 1 1 00 < C \\T\\. We have 

lim / (Sn) a (x) - h a (x)) g(x)dx = 0, VgeL x {R). 
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Fix / G Ll(R + ) so that (/)„ G L 2 (R+). Then we get 

lim / ((<j> n ) a (x)(f) a (x)-h a (x)(f) a (x)) g(x)dx = 0, 



for all g G L 2 (R). We conclude that ( (4> n )a(f)a ) converges weakly in L 2 (R) to h a (f) a - 

V /neN 

On the other hand, we have 



(T^J) a = P + ((0 n ) a * (/)„) = P + T- l {{4> n ) a {f) a ) 

and thus {T^J) a converges weakly in L 2 (R+) to P + ^(hjj)^. For g G C£°(R), we 
obtain 



{T<t>,J)a{x) - {Tf) a {x) \g{x)\dx 

<C a jT^f-Tf\\,\/neN, 
where C a ^ g is a constant depending only of g and a. Since (T^ n /) ng fj converges to T/ in 
L 2 J (R+), we get 

lim / {T 4>n f) a {x)g{x)dx = [ (Tf) a (x)g(x) dx, Wg G C£°(R). 



Thus we deduce that (Tf) a = P + J r 1 (h a (f) a ). The symbol fa is holomorphic on [/ 
following the same arguments as in [5]. □ 

3. Preliminary spectral result 

As a first step to our spectral analysis in this section we prove the following 

Proposition 1. Let T G M and suppose that the symbol fi of T is continuous on U. 
Then n(U) C a(T). 

Proof of Proposition 1. Let T be a bounded operator on H commuting with 
St, t > or P + S^ t , t > 0. For a G [— a\, a ], we have 

(Tf) a = P+F-\yL a {f) a ), V/ G Ll(R+), 

where //„ G L°°(R), provided (/)„ G L 2 (R+) . Suppose that A i tr(T). Then, it follows 
easily that the resolvent (T — A/) -1 also commutes with (S t )tm+ or (P + S-t)teM.+ - Con- 
sequently, (T — A/) -1 is a Wiener-Hopf operator and for a G [— ojx, « ] there exists a 
function h a G L°°(R) such that 

{{T - \iy l g) a = P + F-\h a (g) a ), 

for 5 G L 2 (R+) such that (</) a G L 2 (R+). If / is such that (/)«, G L 2 (R+), set g = 
(T — XI) f. Then following Theorem 1, we deduce that (Tf) a G L 2 (R + ) and (g) a = 
((T — XI)f) a G L 2 (R + ). Thus applying once more Theorem 1, we get 

((T - XI)-\T - XI)f) a = P + T~ l {h a T{{T - XI)f) a ) 



P + F- l (h a JFP + [F-\(Li a - A)(/) a )]). 
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We have 

Kf)a\\l? < \\h a FP + 7-\^ a - \){J)a)\W < ll^||oo||^P + ^ 1 ((/ia-A)(7ra)||L 2 

and we deduce 

||(/)a|U 2 <C||(/. -A)(/) a || L2 , (3.1) 

for all / G Ll(R + ) such that (/)„ G L 2 (R + ). Let A = fi a (ijo) = fi{r] + ia) G /i(U) for 
a G [— \np(P + S~i), lnp(S')] and some r] G K. Since the symbol /i of T is continuous, 
the function n a iji) = ^(v + * a ) is continuous on IEL We will construct a function /(x) = 
F(x)e~ ax with supp(F) C R + for which (13. ip is not fulfilled. Consider 

= e-^i^e^*-* ^ , 6 > 0,t > 1 

with Fourier transform 

Fix a small < e < \C~ 2 , where C is the constant in ( 13. ip and let 5 > be fixed so 
that \fJ> a (Q — M — y/t for £ G = {£ G R : |£ — r] \ < 5}. Moreover, assume that 

MO - A| 2 < Ci, «.e.(Gl. 

We have for < b < 1 small enough 



6 2 



l?-%l>5 



_ * 2 1 /" «-»n) 2 , _ <s 2 

b J\(-r, \>5 

with Co > independent of 6 > 0. We fix b > with the above property and we choose 
a function <p G C^°(R + ) such that < ip < 1, <£>(t) = 1 for 1 < t < 2t - 1, p(t) = 
for t < 1/2 and for t > 2t - 1/2. We suppose that |<^ (fc) (T)| < c u k = l,2,Vt G R. Set 
G(t) = {(f{t) - l)g(t). We will show that 



: i + e 2 )G(0l<y / ge (3.2) 

for t large enough with C 2 > independent of to- On the support of (<p — 1) we have 
\t — to I > — 1 an d integrating by parts in L(l + ^ 2 )G(t)e~ lt ^dt we must estimate the 
integral 

/ e - b (t - to) (1 + |t - 1 | + (t- t ) 2 )dt 



L 



\t-t \>t -i 



< / (1 + \y\ + y 2 )e- b * ^dy + (1 + y + y^ * > z dy ) . 

V </-oo Jto-1 

Choosing to large enough we arrange (13. 2p . 



12 VIOLETA PETKOVA 

We set F = <pg £ l7 c °°(IR + ) and we obtain 



Jr\v Jr\v Jr\v 

< 2e + ^ /(l + er 2 d£ < (2 + C 2 )e. 



2vr 
Then 

/ iwo-A)F(oi 2 de< / i«o -A)F(oi 2 rfe+ / i«o-a)f(oi 2 ^ 

<C 1 (2 + C 2 )e + (27r) 2 ||F|| 2 :2 e. 
Now assume ( 13.1 ft fulfilled. Therefore 

(27r) 2 ||F||| 2 < C 2 ||(/i o (0 - A)F(0||| 2 < C 2 ^(2 + C7 2 ) e + (27rC) 2 1| ^|| | 2 e, 
and since C 2 e < |, we conclude that 

ll^lli 2 <^(2 + c 2 ) e . 

On the other hand, 

|2 \ ^ll„l|2 II/, „ i\„||2 \ -L M 112 (n~\-1 2 



and 



\F\\h > -\\g\\j? -\\{<p- l)g\\h > z\\9\\h - (2tt)- 2 fe 
[ \g(t)\ 2 dt > [ e- b2 ^ 2 dt > ^ > 2c- 1 . 



']t-toi<i 

For small e we obtain a contradiction, since C 2 is independent of e. This completes the 
proof. □ 

4. Spectra of (S t )tm+i (P + (S- t ))teR+ AND bounded operators commuting 

WITH AT LEAST ONE OF THESE SEMIGROUPS 

Observing that the symbol of St is z — > e~ ltz , an application of Proposition 1 to the 
operator St yields 

{z £ C, e~ ait < \z\ < e aot } C cr{S t ). (4.1) 

This inclusion describes only a part of the spectrum of S t . We will show that in our 
general setting we have (II ,2p . To prove this, for t > assume that z £ C is such that 
< \z\ < e~ ait . Let g £ H be a function such that = for x > t and p ^ 0. If the 
operator (zl — S^) is surjective on H, then there exists / ^ such that (z — St)/ = g. 
This implies P + S-tg = and hence 

(p+s_ t -V)/ = o 

which is a contradiction. So every such z is in the spectrum of St and we obtain (ll.2p . 
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Next, it is easy to see that in our setup for the approximative point spectrum H(S t ) 
of S we have the inclusion 

n(5t) c{zeC: e~ ait < \z\ < e aot }. (4.2) 

Indeed, for z ^ 0, we have the equality 

P + S„ t --I = -P+S„ t {zl-S t ). 

z z 

If for z G C with < \z\ < e~ ait , there exists a sequence (/„) such that ||/ n || = 1 and 
\\(zl — St) / n || — > as n — > oo, then 

(p + S_ t -i/)/ n -^0, n^oo 

and this leads to - G o~(P + S-t) which is a contradiction. Next, if G II(St), there exists 
a sequence g n G H such that S t g n — > 0, ||g n || = 1. Then g n = P + S- t S t g n and we obtain 
a contradiction. 

Since the symbol of P + S_ t is z — > e ltz , applying Proposition 1, we obtain 

{zeC: e- Q0 * < \z\ < e ait } C <x(P + S_ t ). 

Passing to the proof of (Oj) . notice that S*(P+S_ t )* = J. Then for < |*| < e" a °* we 
have 

z(- z i-s;) =s;((p + s_ t y- z ). (4.3) 

It is clear that G a r (S t ), where a r (St) denotes the residual spectrum of S t . In fact, if 
^ er r (St), then is in the approximative point spectrum of St and this contradicts (14. 2p . 
Since G a r (S t ), we deduce that is an eigenvalue of S t *. Let S t *<? = 0, g ^ 0. Assume 
that (P + S^ t )* — zI is surjective. Therefore, there exists / 7^ so that ((P + S_ t )* — 2)/ = <? 
and (TO} yields (± - S;)/ = 0. Consequently, X < p(S f *) = p(S t ) = e aot and we obtain 
a contradiction. Thus we conclude that z G cr((P + S_t)*), hence z G o~(P + S_t) and the 
proof of ( II. 3p is complete. 

To study the operators commuting with (S t )teM.+ , we need the following 

Lemma 7. Let (f> G C^°(R). T7ie operator commutes with St, Vt > 0, z/ and cm/?/ z/ 
i/ie support of <fi is in R+ . 

Proof. First if ^ G L^(IR + ) has compact support in IR + , it is easy to see that 
commutes with St, t > 0. Now consider G C£°(R) and suppose that commutes with 
S t , t > 0. We write = 0Xr- + If P</> commutes with S t , t >0, then the operator 

T(t>x R - commutes too. Let the function ip = (fixR- have support in [—a, 0] with a > 0. 
Setting / = X[o,a), we get S a f = X[a,2a]- For x > we have 

/0 pminix—afi) 
1p(t)X{a<x-t<2a}dt = / tp(t)dt. 
■a J max(—a,—2a+x) 
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Since P+(ip * S a f) = S a P+(ip * f), for x G [0, a], we deduce P+(ip * S a f)(x) = and 

/x— a 
i/j(t)dt = 0, Vx G [0,a]. 
-a 

This implies that ip(t) = 0, for t G [—a, 0] and supp(<f)) C R + . □ 

Lemma 8. Let A 6e swc/i that e x G cr(S'). T/ien there exists a sequence (n k ) k€N of integers 
and a sequence (fm k )k& of functions of H such that 

lim < (s t -e^ +2mn ^)f mk J mk >= 0, Vt G M + , ||/ m J = 1, Vfc G N. (4.4) 

fc— >oo V / 

Proof. Denote by cr r (A) the residual spectrum of A. If A ^ cr r (A), or if A ^ 
we obtain the sequences (nk)km and (fm k )keK as in the proof of Lemma 1. If A G cr r {A) 
then there exists / G H such that A*/ = Xf and ||/|| = 1. We set f mk = f and n k = 0, 
for k G N. □ 

Lemma 9. For all <\> G C£°(M + ) and A suc/i t/iat e A G cr(S') we /icwe 

|0(zA)| < ||TJ. (4.5) 
The proof is based on the equality 

j>(i\)= [ ( j>(t)e xt dt= [ my {X+2mnk)t f mk ,e 2mnkt f mk )dt 
Jr+ Jr+ 

= [ m)U X+2mnk)t I-S t )f mk ,e 2mn ^f mk )dt+ [ (mStfm^e^f^dt. 

JR+ V ' JR+ 

We apply Lemma 8 and we repeat the argument of the proof of Lemma 3. Notice that 
here the integration is over IR + and we do not need to examine the integral for t < 0. 

Following [5], the operator T is a limit of a sequences of operators 7^ n , where 
4> n G C£°(R) and \\T^ n \\ < C||T||. The sequence (T^ n ) has been constructed in [5] and it 
follows from its construction that if T commutes with S t , t > 0, then has the same 
property. Therefore, Lemma 7 implies that <p n G C^°(1R + ) and to obtain Theorem 2 for 
bounded operators commuting with (St)t>o, we apply Lemma 9 and the same arguments 
as in the proof of Theorem 1. Finally, applying Theorem 2 and the arguments of the 
proof of Proposition 1, we establish (II. 4ft and this completes the proof of iii) in Theorem 3. 

Next we prove the following 
Lemma 10. Let <p G C%°(M). Then commutes with P + (S- t ), Vt > if and only if 

The proof of Lemma 10 is essentially the same as that of Lemma 7. By using Lemma 
10, we obtain an analogue of Lemma 9 and Theorem 2 for bounded operators commuting 
with (P + S-t)t>o and applying these results we establish iv) in Theorem 3. 
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